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oABSTRACT O

In this research, a numerical method that relies on a modification to a
famous numerical method for solving initial value problems was developed, which is
Heun's method, by hybridizing it with the contraharmonic mean method in order to
improve its efficiency.

In this study, consistency and stability were proved, the absolute error
function determined, and the results of this method were compared with Heun’s
method and with other modified numerical methods that were hybrid with the
contraharmonic mean method as well, the stability regions defined by the method are
also plotted.

The presented method was tested on three initial value problems where
comparisons show that the presented method is effective and gives good results.
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Error (LTE), Stability, Consistency.
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h=0.1 sshis (1) Alaal! Lasedl Joladl 1(1) Jgaad

Heun's Method | (MEM) Method | Hybrid Method | Hybrid Method Our Exact
x
" In [12] In [13] Hybrid Method Solution
0.1 1.0240169 1.0240168 1.0240183 1.0240184 1.0240191 1.0240190
0.2 1.0485788 1.0485786 1.0485817 1.0485818 1.0485832 1.0485830
0.3 1.0736966 1.0736962 1.0737009 1.0737012 1.0737033 1.0737029
0.4 1.0993811 1.0993806 1.0993870 1.0993874 1.0993902 1.0993897
05 1.1256436 1.1256429 1.1256510 1.1256515 1.1256551 1.1256545
06 1.1524951 1.1524943 1.1525042 1.1525048 1.1525093 1.1525085
0.7 1.1799472 1.1799462 1.1799579 1.1799586 1.1799640 1.1799630
0.8 1.2080112 1.2080101 1.2080237 1.2080246 1.2080308 1.2080297
0.9 1.2366989 1.2366976 1.2367132 1.2367142 1.2367213 1.2367201
1.0 1.2660220 1.2660205 1.2660381 1.2660393 1.2660473 1.2660459
h=0.1 sshiy (1) Llaall Loasdl Jelal) o Aaslil) elhad¥) :(2) Jgaadl
Xn Error By Error By Error By Hybrid | Error by Hybrid Error By Our
Heun's Method (MEM) Method Method Hybrid Method
Method In [12] In [13]
0.1 2.00988 E-6 2.12739 E-6 6.45079 E-7 5.56944 E-7 1.25456 E-7
0.2 4.09985 E-6 | 4.34294E-6 | 1.31918 E-6 1.13686 E-6 2.53478 E-7
0.3 6.27165 E-6 | 6.64878 E-6 | 2.02315E-6 1.7403 E-6 3.83958 E-7
0.4 8.527 E-6 9.04705 E-6 2.75785 E-6 2.36781 E-6 5.16778 E-7
0.5 1.08676 E-5 1.15399 E-5 3.52416 E-6 3.01994 E-6 6.51805 E-7
0.6 1.32952 E-5 1.41295 E-5 4.32297 E-6 3.69726 E-6 7.88893 E-7
0.7 1.58115 E-5 1.6818 E-5 5.15519 E-6 4.40031 E-6 9.27881 E-7
0.8 1.84182 E-5 1.96076 E-5 6.02173 E-6 5.12965 E-6 1.0686 E-6
0.9 2.11168 E-5 2.25004 E-5 6.92352 E-6 5.88583 E-6 1.21085 E-6
1.0 2.39091 E-5 2.54985 E-5 7.8615 E-6 6.6694 E-6 1.35443 E-6
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(1) Aladll (goaall Jall Jlae JalS o dalhaall clladl) €Y @lijlia (3) Jsand) (b e
Gl 8588l (3R

(1) localt dalhaal) Uaad) usf A3l @ (3)Jgand)

Method \ h 0.1 0.05 0.025 0.0125 0.00625
Heun's Method 2.3909 E-5 | 6.02714 E-6 1.5130 E-6 3.79053 E-7 | 9.48617 E-8
(MEM) 2.5498 E-5 | 6.43117 E-6 1.6149 E-6 4.04622 E-7 | 1.01267 E-7
Hybrid Method 7.8615 E-6 1.9482 E-6 4.8482 E-7 1.20923 E-7 3.0195 E-8
In[12]
Hybrid Method 6.6694 E-6 | 1.64517 E-6 4.0843 E-7 1.01746 E-7 | 2.53908 E-8
In [13]
Our 1.3544 E-6 | 3.94302 E-7 1.0568 E-7 2.73191 E-8 | 6.94261 E-9
Hybrid Method

4

y:

) dbialiall Aalaall oyl el slag) 1(2) Dlesal
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GAN Jall ae b= 0.1 sshads 55Sa @hHLIL (2) Aladll oaadl Jolall (4) Jgand) & (iayes
ghal) Gty (2) Aleall ALl daaad) @RI e Aaill) dallad) oUad) (5) Joaad) b (iayais allsal
h=0.1 sshiy (2) Qlaall Lasadl Jslal) :(4) Jsand

Heun's (MEM) Hybrid Method | Hybrid Method Exact Solution
x, Method Method In [12] In [13] .O“r
Hybrid Method
01 | 0.0996666 0.0995012 0.0995012 0.0996262 0.0995435 0.09966799
0.2 | 0.1973598 0.1970470 0.1970470 0.1972909 0.1971345 0.19737532
03 | 0.2912601 0.2908380 0.2908380 0.2911857 0.2909746 0.29131261
04 | 0.3798322 0.3793516 0.3793516 0.3797815 0.3795411 0.37994896
05 | 0.4619105 0.4614265 0.4614265 0.4619132 0.4616711 0.46211716
06 | 05367345 0.5362973 0.5362973 0.5368152 0.5365965 0.53704956
07 | 0.6039361 0.6035852 0.6035852 0.6041106 0.6039351 0.60436778
0g | 0.6634911 0.6632517 0.6632517 0.6637651 0.6636454 0.66403677
09 | 0.7156505 0.7155335 0.7155335 0.7160199 0.7159615 0.71629787
10 | 0.7608644 0.7608680 0.7608680 0.7613174 0.7613193 0.76159415
h=0.1 sshi (2) Dlaall Luasdl Jolal) oo da3lil) cUady) 1(5) Jaad)
Xn Error By Heun's Error By (MEM) Error By Hybrid | £ror By Hybrid Error By Our
Method Method Method Method Hybrid Method
In [12] In [13]

0.1 1.32796 E-6 1.67995 E-4 1.66738 E-4 4.17383 E-5 1.24444 E-4
0.2 1.55083 E-5 3.40643 E—4 3.28266 E-4 8.4394 E-5 2.40782 E-4
0.3 5.24865 E-5 5.15985 E—4 4.74603 E-4 1.26896 E-4 3.37988 E—4
0.4 1.16778 E-4 6.89677 E—4 5.97321 E-4 1.6746 E-4 4.07799 E-4
0.5 2.0664 E-4 8.55215 E—4 6.90683 E-4 2.03945 E—4 4.46062 E-4
0.6 3.15016 E—4 1.00498 E-3 7.52209 E-4 2.34327 E-4 4.53024 E—-4
0.7 4.31665 E-4 1.13166 E-3 7.8258 E—4 2.57123 E-4 4.32655 E-4
0.8 5.45631 E-4 1.22958 E-3 7.85013 E—4 2.71624 E-4 3.9134 E-4
0.9 6.47319 E—4 1.29547 E-3 7.64356 E-4 2.77917 E-4 3.36405 E-4
1.0 7.29767 E-4 1.32878 E-3 7.2616 E-4 2.76744 E-4 2.74871 E-4
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[ENESPSWRE A

(2) Hlocalt dalhaal) UaaY) ] 43l 1 (6)J gaa)

Method \ h 0.1 0.05 0.025 0.0125 0.00625
Heun's Method 7.29767 E-4 1.74549 E-4 4.2669 E-5 1.0548 E-5 2.62218 E-6
(MEM) 1.32878 E-3 3.15732 E-4 7.6957 E-5 1.89976 E-5 4.71947 E-6
Hybrid Method 7.85013 E-4 1.91726 E-4 4.7299 E-5 1.17428 E-5 2.9254 E-6
In [12]
Hybrid Method 2.77917 E-4 7.26692 E-5 1.8495 E-5 4.65868 E-6 1.16867 E-6
In [13]
our 4.53024 E-4 | 1.11846E-4 | 2.7752E-5 | 6.91076 E-6 | 1.72407 E-6
Hybrid Method
1Y) Aabalal) Alobeall gl dall alay £(3) Dleal
y' =2-2y% ¥ =1; x€[0]]
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@8 Jall ae h = 0.1 8shay sSl @A (3) Alaall doaad) Jolall (7) Jgandl (3 oy
ghaal) Gty (3) Aleall ALl dasad) @RI e dasll) dallad) eUad) (8) Jpaad) b (inyais allisal

h=0.1 sshis (3) Alaall Lasall Joladl 2(7) Jgaad

x, Heun's (MEM) Hybrid Method | Hybrid Method Our Exact

Method Method In [12] In [13] Hybrid Method Solution
0.1 1.0252479 1.0252469 1.0252482 1.0252489 1.0252490 1.0252500
0.2 1.0509961 1.0509942 1.0509966 1.0509981 1.0509983 1.0510003
0.3 1.0772455 1.0772427 1.0772463 1.0772485 1.0772489 1.0772518
0.4 1.1039978 1.1039942 1.1039991 1.1040018 1.1040024 1.1040063
0.5 1.1312561 1.1312517 1.1312578 1.1312612 1.1312620 1.1312668
0.6 1.1590246 1.1590196 1.1590271 1.1590308 1.1590320 1.1590375
0.7 1.1873094 1.1873040 1.1873128 1.1873169 1.1873186 1.1873247
0.8 1.2161187 1.2161131 1.2161233 1.2161276 1.2161298 1.2161364
0.9 1.2454629 1.2454572 1.2454688 1.2454732 1.2454761 1.2454830
1.0 1.2753549 1.2753494 1.2753626 1.2753668 1.2753705 1.2753775

h = 0.1 sshis (3) Llaall Lasll Jslal) oo Aaslil) ¢Uadd) :(8) Jgaadl
Xn Error By Error By Error By Hybrid Error by Hybrid Error By Our
Heun's Method (MEM) Method Method Hybrid Method
Method In [12] In [13]

0.1 2.07166 E-6 | 3.07349 E-6 1.86578 E-6 1.11122 E-6 1.01147 E-6

0.2 4.17564 E-6 | 6.13964 E-6 3.71471 E-6 2.23443 E-6 2.01125 E-6

0.3 6.31372E-6 | 9.17910 E-6 | 5.52357E-6 | 3.36219 E-6 2.97945E-6

0.4 8.48878 E-6 1.21725 E-5 7.26804 E-6 4.48689 E-6 3.89491 E-6

0.5 1.07049 E-5 1.51005 E-5 8.92303 E-6 5.60083 E-6 4.73536 E-6

0.6 1.29673E-5 1.79448 E-5 1.04629 E-5 6.69626 E-6 5.47762 E-6

0.7 1.52826 E-5 2.06877 E-5 1.18619 E-5 7.76543 E-6 6.09775 E-6

0.8 1.76587 E-5 2.33130 E-5 1.30942 E-5 8.80063 E-6 6.57121 E-6

0.9 2.01048 E-5 2.58064 E-5 1.41344 E-5 9.79420 E-6 6.87295 E-6

1.0 2.26316 E-5 2.81557 E-5 1.49576 E-5 1.07385 E-5 6.97755 E-6

Yed
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Exact Solution
*  Our Numerical Solution F
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(6) osa

(2) Aladll (gaaall Jall Jlae JalS o dalhaall clladl) €Y @lijlia (9) Jsand) (b (e
Gl 8588l (3R

(3) Alsall dalhaal) Uas®) i 45l 1 (9)Jgand)

Method \ h 0.1 0.05 0.025 0.0125 0.00625
Heun's Method 2.26316 E-5 5.6949 E-6 1.42838 E-6 3.57678 E-7 8.94925 E-8
(MEM) 2.81557 E-5 7.1129 E-6 1.78755 E-6 4.48060 E-7 1.12162 E-7
Hybrid Method 1.49576 E-5 3.75452 E-6 9.40485 E-7 2.35351 E-7 5.88663 E-8
In [12]
Hybrid Method 1.07385 E-5 2.68148 E-6 6.69908 E-7 1.67415 E-7 4.18457 E-8
In [13]
Our 6.97755 E-6 1.72083 E-6 4.27156 E-7 1.06401 E-7 2.65513 E-8
Hybrid Method

(1) Dleall (San Ja Joadl aws Lasial) Ll Widiyla o (3) 5 (2) 5 (1) Jshaadl e
dad U daf e @l dall Jlae JelS o ol Tallae Blad s L3 lldg daldl g3hhl) o o
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